The problem of the stability of a confined atom when it is extracted from the confining cavity has been investigated, modeled by a spherical hard wall potential. The ionization probability when the atom is released from confinement has been obtained. The dependence of the ionization probability on the confinement radius and on the quantum numbers of the initial confined state has been studied. The probability density function of the ionization energy of the ejected electron has been obtained for the different cases considered. The oscillatory structure of this distribution function, with a principal maximum located in the neighborhood of the energy of the initial state and minima very close to zero has been elucidated. The sudden approximation has been applied and the analytic continuation method has been used to calculate the different stationary states.
INTRODUCTION
The development of experimental techniques for the encapsulation of atoms and molecules within carbon nanostructures [1] [2] [3] [4] [5] has motivated a lot of interest in the study of confined systems. Complexes with atoms or molecules trapped inside molecular cages can be employed for the storage or transport of atoms or molecules that can be used as energy sources 6 or substances for biomedical applications 7 . Properties such as the ionization potential, atomic size, level structure, chemical reactivity or oscillator strengths, are substantially modified when the atom or molecule is spatially confined, see e.g. [8] [9] [10] [11] [12] . These effects have been applied in fields such as optics or electronics [13] [14] [15] . Quantum dots are confined systems with conductivity and optical properties governed by their level structure that can be tuned by modifying the size of the confinement 16 . Spatial confinement can be used to model the effect of a plasma environment on properties of atoms and ions that are important for the analysis of astrophysical data and in plasma spectroscopy and diagnosis , see 17 and references therein.
From a theoretical point of view, the properties of confined atoms and molecules have been studied starting from different models of confinement. A spherical hard wall with the atom in the center has been widely employed to analyze the changes in the electronic structure of the system [18] [19] [20] [21] [22] [23] [24] . Finite size potentials have also been considered to study confinement by surfaces that can be penetrated by the electron charge [25] [26] [27] [28] . The impenetrable spherical cavity model has shown to be a good starting point for reproducing the effects of pressure on atoms, which has proved useful for studying different confined quantum systems see e.g. 29 ,
and references therein. Pressure is one of the parameters responsible for the changes in the electronic structure when atoms are embedded in solid or liquid host matrices and reversible insertion of atoms into solids is driven by a radial mechanism 30 .
One important issue for the application of encapsulation techniques, is the possibility of storing the guest species in a reversible way. Within this context, the compressibility of atoms has been investigated in terms of the changes in volume and energy induced by the pressure exerted by the cavity 30 . Here we board a different aspect of the problem of the encapsulation reversibility. We pose the question of the stability of the atom if it is suddenly released from the cavity. We study the time evolution of the encapsulated atom when it emerges from the nanocativy. The pressure exerted by the environment causes the atom not to be in a steady state as it leaves the cavity. We obtain the ionization probability and the probability density function of the ionization energy for different initial states and confinement regimes. We consider ideal conditions for extraction assuming that the time needed to remove confinement can be neglected. This assumption allows us to obtain exact 
METHODOLOGY
We start from the hydrogen atom confined by a impenetrable spherical surface. We assume that initially the confined atom is in a particular stationary state
where
with
where m e is the electron mass, Z the nuclear charge, α the fine structure constant and v c (r) the confining potential
Due to the spherical symmetry of the confinement, the stationary states of the confined hydrogen atom can be written in the same manner as for the free atom
with Y lm (Ω) the spherical harmonics and R c nl (r) can be written in terms of the radial u
obtained as the solution of the radial Schrödinger equation
The difference with the free atom is that the Dirichlet boundary condition is imposed in
Equation 7
u(r c ) = 0
When confinement is removed the state of the hydrogen atom can be expanded in terms of the eigenfunctions of the free atom Hamiltonian
where (n, l, m) are the quantum numbers of the initial confined state and Ψ
are the stationary states of the bound and continuous spectrum of the unconfined hydrogen atom respectively.
In order to use the expansion of Equation 10, the radial wave functions of the continuous spectrum must be normalized in the energy scale
where the radial u(r) functions for the states of the free atom are defined as in Equations 5 and 6. The eigenfunctions of the discrete spectrum satisfy the usual normalization condition.
In our model we assume that the time needed to eliminate the confinement is short as compared with the time involved in the dynamics of the system. Then the sudden approximation can be invoked and the expansion of Equation 10 can be continuated to t = 0, the time when confinement is removed. The continuity condition on the wave function gives
Note that when confinement is removed, the orbital angular momentum, l, and the magnetic number, m, do not change due to the spherical symmetry of the confining potential.
The normalization of the quantum state leads to the following sum rule
Therefore, when the confined atom is in a stationary state, Ψ c nlm ( r), and the confinement is suddenly removed, |C nl n ′ | 2 is the probability of finding the electron in the bound state Ψ f n ′ lm ( r) of the unconfined hydrogen atom. The probability, P B , that the atom remains in a bound state is
The ionization probability, P I is
and
′ is the probability to observe an ionized electron in the energy interval
as a function of E ′ is the probability density function of the ionization energy.
The energy of the atom after confinement is removed can be obtained as the expectation value of the Hamiltonian of the free hydrogen atom in the final time dependent wave function of Equation 10
where H is the free hydrogen atom Hamiltonian. The final state, Ψ f ( r, t), is time dependent, Equation 10, but the expectation value of the Hamiltonian is constant when confinement is removed. In the second step we have taken, t = 0, in the final state and we have used that within the sudden approximation the wave function does not change when confinement is removed. As the confined wave functions vanish for r > r c and within the confinement region H = H c we obtain that
the energy is conserved in the sense that the expectation value of the free hydrogen atom
Hamiltonian in the final state is equal to the energy eigenvalue corresponding to the initial confined state.
The radial eigenfunctions of the discrete, u f n ′ l ′ (r) and continuous spectrum, u f E ′ l ′ (r) are very well known, see e.g. 33 . The analytic continuation method [34] [35] [36] has been employed to obtain the eigenvalues and radial functions of the confined states, Equations 7 and 9. The analytic continuation method has also been used to calculate the radial functions of the continuous spectrum of the free atom with the energy scale normalization, Equation 11 . In this method, the solution of the differential equation is approximated in the neighborhood of the origin by a truncated Frobenius series. Then different truncated Taylor series around the tabular points r 1 , r 2 , . . . are constructed. The radial function is written as a piecewise polynomial function
The a i and c ki coefficients are calculated in the usual way by substituting Equation 22
into 
RESULTS AND DISCUSSION
In Table 1 we provide the ionization probability after leaving confinement for different con- Table 2 to Table 5 from r c = 1.5875Å to r c = 5.2918Å.
These values lie within the range of confinement radii employed by other authors in the study of confinement effects on the electronic structure of atoms. The reason is twofold, first for these values confinement effects become apparent and second these are the typical sizes of some confinement cavities, for example the value of the inner radius of C 60 and the pore radius of faujasite is about 3.5Å.
As is well known , confinement removes the degeneracy in l within a given atomic shell of the hydrogen atom. The energy decreases as l increases within a shell. The ionization probability does not increase with the energy of the confined state as, in principle it could be expected.
In order to study the dependence of these results on the atomic state and the confinement radius, in Figure 1 we plot the ionization probability for states with the same orbital angular momentum, l,and different n value as a function of the r c . These figures show how the ionization probability decreases as the confinement radius increases. The ionization probability increases with the atomic shell, n, for those orbitals with the same orbital angular momentum, l. This behavior could be expected by taking into account that the spatial extension of the orbitals of the free hydrogen atom increases with n for fixed l values. For example, the expectation value of the radial coordinate is given by
with a 0 the Bohr radius. As confinement effects are more important for those orbitals with larger spatial extension, the ionization probability increases as n does. This is also the case for the energy of the confined orbitals.
In Figure 2 we plot the ionization probability for all of the states of the same atomic shell, i.e. orbitals with the same n and different l values. Here the behavior of the ionization probability with n and l is different for small and large values of the confinement radius. For values of r c similar or greater than the mean radius of the free orbital, our results show that the larger the l value, the smaller the ionization probability. This is consistent with the idea that the ionization probability increases with the spatial extension of orbitals, that decreases with l for orbitals of the same atomic shell, Equation 23 . Let us note that in the limit of large confinement radius, r c , the ionization probability vanishes for all of the orbitals.
For small confinement radii as compared with r nl the trend is the opposite, for fixed n, the ionization probability increases with l. This leads to orbitals of the same shell with higher energies and lower ionization probabilities as for example 3s, 3p and 3d for r c = 1.0584
A. The reason for this lies in the centrifugal barrier. The r l+1 behavior for small electronnucleus distances leads to radial functions for the free atom that take very small values within the confinement region. Then the overlap between confined and unconfined bound states, Equation 14 , is very small.
In Figure 3 we plot the probability density function of the ionization energy, Equation
19
, for different orbitals and confinement radii. The probability density functions for the ionization energy present an oscillatory structure of successive maxima and minima. As the minima are very close to zero, practically no electrons with those ionization energies could be detected. The absolute maximum is much larger than the other maxima. For confined states of negative energy the absolute maximum is located at E = 0, while for confined states of positive energy the absolute maximum lies in the neighborhood of the energy of the confined state.
In order to elucidate this behavior of the probability density function for the ionization energy, we compare the radial function of the initial confined state with those of several final states of the continuous spectrum. We show here results for a confined 4s orbital at r c = 2.1167Åwhich is representative of the rest of cases. In Figure 4 we plot the radial u(r)
function of the confined orbital as compared with radial functions of states of the continuous spectrum at different ionization energies. We also plot the product of the confined bound and free ionized radial functions that governs the probability, see Equation . As E is increased, the maxima and minima of the continuous state are shifted through smaller r values, and the product of the radial functions presents positive and negative values that cancel out in the integral, see Figure 4 for E = 131.90 and 156.7 eV. At minima the weight of the positive and negative regions is very similar. The same will hold for energies smaller than the energy of the confined state, the nodes, maxima and minima of the radial function of the ionized state are shifted to larger r values, and the effect on |C nl (E)| 2 is the same. We find a pattern of constructive and destructive interferences among the wave function of the initial state and the continuous wave functions of the free states at different ionization energies. This scheme is repeated for all of the ionization energies providing the structure of the probability density function.
CONCLUSIONS
The stability of a confined hydrogen atom when it is released from confinement has been studied. It has been assumed that the time needed to extract the atom is short. A spherical hard wall model has been employed for the confining potential. The ionization probability and the probability density function of the ionization energy for different initial states and confinement radii have been obtained. A non negligible ionization probability has been obtained for some confined states of negative energy. In general the ionization probability increases with the energy of the confined state but a non-monotonic behavior has been found for some states and confinement radii. The ionization probability increases with n, the principal quantum number of the initial state. For a given state, the ionization probability is reduced as the confinement radius increases. Except for initial states of the K and L shell, the ionization probability is very important for all the confinement radii here considered.
For initial states within a given shell, the ionization probability decreases with l, the orbital angular momentum quantum number for the intermediate and large confinement radii here considered. The opposite holds in the strong confinement regime. The probability density function of the ionization energy presents a structure of maxima and minima. In all of the cases studied, the global maximum is much larger than the other maxima and it lies at an energy close to the energy of the initial state when it is positive. The minima are very close to zero. This structure of the probability density function has been explained in terms of the overlap between the initial and final radial functions. Within the confinement volume, the confined radial function presents a very similar structure to the radial function of the ionized electron. In the case of the minima, the product of both radial functions presents positive and negative values that practically cancel each other. Note that in the plot for n = 4 the y range is different from the others. Table 5 : Energy of different initial confined states and ionization probability after leaving confinement for r c = 4.7626Å and r c = 5.2918Å.
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